In this note, we study the torsion of extensions of finitely generated abelian by elementary abelian groups. When the action is trivial (mod p), we make a specific choice of a 1-cochain for a vanishing multiple of the cohomology class defining the extension and use it to completely describe the torsion of central extensions. 
Introduction
Let X (S n ) k and Φ = Z r p , where p is a prime number. A problem of longstanding interest in both topology and algebra, stated by P.E. Conner after P.A. Smith's results of finite group actions on spheres, is to show that if the action is free then r k. This was first solved by G. Carlsson [4, 5] , under the assumption of trivial action on homology. Later, W. Browder [3] , using exponents and Benson and Carlson [2] , using the machinery of varieties for modules gave alternative proofs. For yet another proof, see Gottlieb [6] . The homologically non-trivial case was first considered in [1] by Adem and Browder where the above inequality was established in a more general form, except in the cases p = 2 and n = 1, 3, 7. The case p = 2, n = 1 was settled by Yalçin in [7] leaving the other two open.
If X is a CW-complex homotopy equivalent to a torus (S 1 ) k and Φ a finite group acting on X then, through the long homotopy exact sequence one gets a short exact sequence of groups
It is known that if Φ acts freely on X then π 1 (X/Φ) is torsion-free leading naturally to the study of the torsion of (1); if Φ = Z k p , Proposition 3.2 provides a partial inverse. The main section of the paper is Section 2. In Proposition 2.3, we make a specific choice of a 1-cochain for the vanishing class [nc], where c ∈ H 2 (Z r n ; Z) and Z is a trivial, (mod n), Z r n -module. In fact, Proposition 2.3 holds true in a substantially more general setting as further scrutiny of the proof reveals that the acting group does not have to be finite, provided that the exponents of all involved elements are finite, Proposition 2.4. The main theorem of the paper, Theorem 2.7, describes completely the torsion of central extensions. In particular, we prove Theorem 2.7. The torsion of a central, non-split short exact sequence of the form (1) with Φ = Z r p , and p prime is isomorphic to Z l p for some non-negative r −k l r. Conversely, for any such l there is an extension of the above form whose torsion subgroup is isomorphic to Z l p .
The main advantage of the proof given is its combinatorial nature which provides for the construction of central extensions of finitely generated, free abelian by finite group with torsion of any allowed size.
In Section 3, we provide geometric motivation for the algebraic study in Section 2. We apply our results, namely, Theorem 2.7, to describe CW-complexes, homotopy equivalent to tori, (S 1 ) k , that can be acted upon by elementary, abelian p-groups, Proposition 3.2. Under the condition of trivial action on homology, an alternative proof of the main result in [7] is given, stating that if a finite group Φ acts freely on (S 1 ) k then, r p k, where r p is the p-rank of Φ, p any prime dividing the order of Φ. 
Group extensions and torsion
Proof. One first shows the independence on the choice of the 2-cocycle representing the extension
It follows that c(g, g)
; it is a simple inductive argument to verify that
For the converse under the extra assumption stated in the lemma, notice that if g ∈ Z r p is such that 
Proof. From the cocycle condition xc(y, z) + c(x, yz) = c(x, y) + c(xy, z), for all x, y, z ∈ Z r n , for i respective choices of x, y, z according to the law
Adding these together and cancelling out all redundant terms we get precisely what we wanted to prove. P 
Proof. In view of Lemma 2.2 it suffices to show that for any
If we take first x = g, y = h, z = g and then
, for all x, y, z ∈ Z r n , we arrive, for i = 2, . . ., n − 1, at the following array of n − 1 equations
c(g, h) + c(h n−1 , gh) = c(h n−1 , g) + c(h n−1 g, h).
Adding these together we get,
which after reordering makes (2) equivalent to:
c(g n−1 h, g) + c(h n−1 g, h) + · · · + c(gh, g) + c(hg, h) + c(g, h) + c(h, g)
To prove (4) we add all equations in the following sets
. . .
gc(g
obtained from the cocycle condition by letting for x = g, y = g n−1 h n−j , z = h, j = 3, . . . , n − 1 for the set of equations (5), x = g, y = g n−2 h n−j , z = h, j = 4, . . . , n − 1 for the set of equations (6), etc. until (7) 
,
Proof. It is clear that in this case Lemma 2.2 gives
while (2) and (3) become respectively,
and
The result now follows immediately from the observation that the proof of Proposition 2.3 holds for any subgroup of Z 2 n . P
We can now prove, 
n i.e.b ≡ 0. Notice that the converse is also true. Since the exponent of H 2 (Z r n ; Z) equals n, there is a 1-cochain d :
The same arguments as above applied to nc yield that nb(g) = nd(g) ∀g ∈ Z r n . If we, now,
, for all x, y ∈ Z r n , i.e. c ∼ 0. The fact thatb is an isomorphism follows directly from Proposition 2. 
